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Abstract 

We show that causality constrains the sign of quartic Riemann corrections 
to the Einstein-Hilbert action. Our constraint constitutes a restriction on can- 
didate theories of quantum gravity. 



1 Introduction 



It has been known for a long time that causality constrains effective low-energy La- 
grangians (see p], or [2] for a recent discussion). For example, the Euler-Heisenberg 
correction to the Maxwell action is quartic in the field tensor F: (FF) 2 and (FF) 2 . 
Both terms must enter with the positive sign (as they actually do) to satisfy causality 
Here by causality we simply mean that the group velocity of ultraviolet perturbations 
on arbitrary field backgrounds be less or equal to the speed of light. 

In type II string theory the first correction to the Einstein-Hilbert action is of 
quartic order in the Riemann tensor R [3], and in four dimensions takes the form 
(RR) 2 and (RR) 2 . We will show that both correction terms must enter with the 
positive sign (as they actually do) to satisfy causality. Here by causality we again 
mean that the ultraviolet perturbations on an arbitrary background are light-like or 
subluminal on this background. 

One should remember that causality violation and superluminal group velocity are 
not always equivalent jl]. Strictly speaking, our analysis does not say anything about 
causality. We merely show that positive quartic Riemann terms in the effective action 
give a negative (or zero) shift of the frequency of ultraviolet perturbations; if one of 
the quartic terms is negative, the frequency shift can be positive. The frequency 
shift is proportional to the cube of the wavenumber, so a positive frequency shift 
corresponds to a positive correction to the group velocity. 

We take positive frequency shifts as a proxy for causality violation. This makes 
sense, because the unmodified Einstein equation propagates the support of an in- 
finitesimal perturbation on an arbitrary background exactly along the light cones of 
this background. In addition, in the case of scalar and vector fields [TJ [2] positive 
frequency shifts of this type do signal causality violation. 

Terms in the effective action involving the Ricci tensor or scalar can always be 
removed by a redefinition of the metric [3]. Therefore these terms can not be unam- 
biguously determined from an S'-matrix, for example from string theory, and we do 
not expect them to affect causality. 

In addition to quartic corrections we also discuss causality constraints for generic 
corrections of up to cubic order. Quadratic corrections to the action are topological 
in pure gravity in four dimensions and do not affect the dispersion relation (§3 ), and 
so the leading correction is cubic in the Riemann tensor. We show that this correction 
does not affect the propagation velocity of ultraviolet perturbations. It remains to be 
seen, however, whether this is sufficient to ensure causality. 
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2 Causality constraints on quartic Riemann 



Consider the Einstein- Hilbert action with quartic corrections: 

S = J d 4 x^(R + cJl + c 2 / 2 2 ). (1) 
We use the mostly plus signature, R is the Ricci scalar, and I a are curvature invariants: 

h = RfMuapR 11 ^ 13 j h = RiivapR^ 01 ^ ■, (2) 

Rjxva.fi is the Riemann tensor, and R^ua/3 is the dual tensor. Equation ([1]) is the most 
general quartic perturbation of the Einstein action because If and i| are the only 
quartic invariants of the Riemann tensor in four dimensions (see for example [1]). 
Varying the action gives the modified Einstein equation: 

R^ - \Rg»v = 8 Cl \/ a V^hR^ au ) + 8c 2 V a V^{I 2 R^ av ) - \{cill + c 2 I 2 2 )g^ (3) 

where we have used the unperturbed solution R^ v = in writing the right hand side. 

Let g^y be a solution of the modified Einstein equation ([3]). An example is a plane 
wave background, for which R^ u and all curvature invariants vanish. We want to 
calculate the dispersion relation for the ultraviolet perturbations Sg^ u = h^ v on this 
background. Here ultraviolet means that the wavelength of the perturbation is much 
smaller than the characteristic length of the background. We calculate the variation 
of the Einstein-Hilbert action to the leading (quadratic) order in the perturbation 
wavenumber k^ the perturbation of the correction is also calculated to the leading 
(quartic) order in k^. After we impose the transverse traceless conditions on the 
perturbation (again to leading order in fc M ): 

h = 0, k^ = 0, (4) 

we get 

k 2 h^ = MdS^Kp + Mc 2 S^S af3 h af3 , (5) 

where 

SpLv = k k^R^ a p ul S^ v = k k^R^apv, (6) 

and we have used the gauge conditions (TjJ and the unperturbed dispersion law k 2 = 
in the right-hand side of 

The right-hand side of §5§ is of order R 2 k A , where R is the characteristic curvature 
of the background. The terms of lower power in k are not included. For example, 
perturbing I 2 g^ v gives the terms of order R?k 2 and R 4 which we do not include in 
the ultraviolet eigenmode equation ([5]). 



2 



The symmetric tensors S^, S^ u are transverse and traceless: 

S = 0, ^^ = 0, S = 0, k lt S'" = Q, (7) 

because the background has zero Ricci tensor, and the Riemann tensor is antisym- 
metric in the first and second pairs of indices. It follows that the gauge conditions 
(j4j) agree with the eigenmode equation (jSJ). 

The eigenmode equation (jSJ) gives the ultraviolet dispersion law 

k 2 = QA Cl (S^e^) 2 + 64c 2 (^e Q/3 ) 2 , (8) 

where e Q/ g is the space-like polarization tensor, e a pe at3 = 1 

It is understood that the right-hand side is just a small correction to the standard 
dispersion law k 2 = 0, so that there are still just two frequency roots ko for a given 
spatial wavevector k. Positivity of both c\ and c 2 then ensures causality, in the sense 
that the dispersion law (|SJ) gives only subluminal group velocities. 

An explicit formula for the string theory quartic Riemann correction [3] can be 
found for example in [5]. The correction is 

Y = t s t 8 R 4 = \2{Rp Vpa R^) 2 + 2AR llvpa R^R a ^ s W 5 ^ 

+ l92R tlua pR pu ' yl3 Rp CriS R tl(TaS + 384R tlua/3 R pu ' yl3 R (TfJ 'sjRcrp Sa - (9) 

If we now compactify on a flat manifold to four dimensions this expression can be 
reduced to 

Y = 2AI 2 + 2AI 2 , (10) 

corresponding to positive c\ = c 2 = 24, and to subluminal eigenmodes. We have 
again kept only terms involving the Riemann tensor. Correction terms with powers 
of Ricci tensor are not uniquely determined and do not affect the propagation velocity 
of ultraviolet modes in pure gravity. 

3 Cubic order 

The generic Lagrangian up to cubic order contains fourteen terms j6]. At first order 
there is an Einstein-Hilbert term R; at second order there are three terms: R 2 , 
R^R^, and I\. The terms quadratic in Ricci scalar and tensor do not affect the 
vacuum Einstein equation Rp V = 0, and the I\ term can also be dropped because the 
Gauss-Bonnet invariant G 2 = Ii—AR^R^+R 2 is the Euler invariant in 4 dimensions. 
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There are ten cubic terms. We are interested only in the terms that are at most 
linear in the Ricci tensor and scalar. There are two such terms in 4 dimensions: RI\ 
and I3, where J 3 is the cubic curvature invariant: 

h = R^R al3 pa R pCT ^. (11) 
First consider the cubic Riemann term 

S = J d 4 x^^(R + ch). (12) 
The ultraviolet eigenmode equation is then 

k h^v oc S ap (k h v k v k ha) 4~ S au {k /i k^k hp). (13) 

But now the gauge condition (j4j) shows that the dispersion law remains unmodified: 
k 2 = 0. 

Similarly, the other invariant, RI\, does not modify the dispersion law. This does 
not prove causality, it just means that the leading-order geometrical optics cannot 
discover causality violations at cubic order. 
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